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Abstract
We develop the general theory of stars in Saa’s model of gravity with
propagating torsion and study the basic stationary state of neutron star.
Our numerical results show that the torsion force decreases the role of
the gravity in the star configuration leading to significant changes in the
neutron star masses depending on the equation of state of star matter. The
inconsistency of the Saa’s model with Roll-Krotkov-Dicke and Braginsky-
Panov experiments is discussed.
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1 Introduction
In recent years the interest in scalar-tensor theories of gravity has been renewed.
One reason for this is the important role which these theories play in the under-
standing of inflantionary epoch. On the other hand the scalar-tensor gravitation
(the so called ”dilaton gravity”) arises naturally from the low-energy limit of the
super-string theory [1], [2].
The predictions of scalar-tensor theories may differ drastically from these of
general relativity. For example such a phenomenon – ”spontaneous scalarization”
was recently discovered by Damour and Esposito-Farese as a non-perturbative
strong field effect in a massive neutron star [3]. Other interesting phenomenon
is ”gravitational memory” of black holes proposed in [4]. The ”gravitational
memory” in the case of boson stars was investigated in [5] (see also [6]).Their
stability through cosmic history using catastrophe theory was investigated in [7].
Many theories of gravity with propagating torsion involving a scalar field
have been proposed in the last decades, too [8], [9], [10]. In such theories con-
trary to the usual Einstein-Cartan gravity [11]-[13], there are long-range torsion
mediated interactions. Carrol and Field [14] have examined some observational
consequences of propagating torsion in a wide class of models involving a scalar
field. They conclude that for reasonable models the torsion could be detected
experimentally.
Recently a new interesting model with propagating torsion was proposed by
Saa [15]-[19]. This model involves a non-minimally coupled scalar field as a
potential of the torsion of space-time. As one can see Saa’s model is very close
to the dilaton gravity.
In the present article we investigate both analytically and numerically a neu-
tron star in the Saa’s model and compare obtained results with these in the general
relativity. We also discuss new predictions of the theory under consideration.
The paper is organized as follows. In section 2 we consider briefly Saa’s
model. In section 3 we give the necessary information for the vacuum solutions
of the field equations. The equations determining static equilibrium solutions
for a neutron star are discussed in section 4. Numerical results for the neutron
star are discussed in section 5. The stability of the neutron star is discussed
via catastrophe theory in section 6. The inconsistency of the Saa’s model with
Roll-Krotkov-Dicke and Braginsky-Panov experiments is discussed in section 7.
2 The model with torsion-dilaton field
Here we give a brief description of Saa’s model. For more details one can see
[15]-[17], [20].
Consider four-dimensional Einstein-Cartan manifold M(1,3), i.e. four-
dimensional manifold equipped with metric gαβ and affine connection Γαβ
γ
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with torsion tensor Sαβγ .
The main idea of articles [15]–[17] is to make the volume form d4V ol
compatible with the affine connection on the Einstein-Cartan manifold M(1,3)
via the compatibility condition:
£v
(
d4Vol
)
= (∇µvµ)d4Vol, (1)
where £v is the Lie derivative along an arbitrary vector field v and ∇µ is the
covariant derivative with respect to the affine connection. It turns out that com-
patibility condition (1) is fulfilled if and only if the torsion vector
Sα = 23Sαµµ
is potential, i.e. if there exists a potential Θ, such that
Sα = ∇αΘ ≡ ∂αΘ. (2)
In this case Saa’s condition (1) implies the form
d4Vol = f(x)d4x = e−3Θ
√
|g|d4x (3)
of the volume element in Einstein-Cartan manifold. As it was pointed out in
[20] compatibility condition (1) leads to covariantly constant scalar density f =
e−3θ
√
|g| with respect to the transposed connection (ΓT )αβγ = Γβαγ , not with
respect to the usual connection Γαβ
γ. Therefore the Einstein-Cartan manifold for
which compatibility condition (1) is fulfilled was called transposed-equi-affine and
the corresponding theory of gravity – transposed-equi-affine theory of gravity.
The most important mathematical consequence of the condition (1) which
leads to new equations of gravity is the generalized Gauss’ formula:∫
M
d4Vol (∇µvµ) =
∫
∂M
d3Σµv
µ. (4)
The natural choice of the lagrangian density for gravity is:
LG = − c2κR = − c2κ
(
{}
R +6∇µSµ + 12SµSµ − K˜µνλK˜µνλ
)
, (5)
c being the velocity of light, κ = 8πc−2G being the Einstein constant, G being the
Newton constant. Here R = gαβRαβ is the scalar curvature with respect to the
affine connection, K˜µνλ = Kµνλ + 2gµ[νSλ] is the traceless part of the contorsion:
K˜µµν = K˜
µ
νµ ≡ 0, and
{}
R is the scalar curvature with respect to the Levi-Civita
connection.
The traceless part of the torsion doesn’t vanish only if spin-non-zero matter
presents. In the present article we consider only spinless matter (as we know from
Einstein-Cartan theory of gravity, the effects due to the spin become essential
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at density over 1057g/cm3 [11] which is too far from the physics in the stars).
Therefore we put K˜αβγ ≡ 0 and obtain a semi-symmetric affine connection:
Sαβ
γ = S[αδ
γ
β]. (6)
In this case we have:
LG = − c2κR = − c2κ
(
{}
R +6∇µSµ + 12SµSµ
)
. (7)
Denoting the lagrangian density for the matter by LM and using the volume
element (3) we write down the action of gravity and matter in the form:
A = AG +AM = − c2κ
∫
d4Vol R + 1
2c
∫
d4VolLM . (8)
Due to the new Gauss’ formula (4) the term 6∇µSµ in the lagrangian (7) gives a
surface term in the action integral (8) and doesn’t contribute to the equations of
motion. Hence, these equations may be derived from the modified action:
A˜ = − c
2κ
∫
d4Vol
(
{}
R +12S
µSµ
)
+ 1
2c
∫
d4VolLM . (9)
This action is very close to the one of the dilatonic gravity arising from low-
energy limit of the superstring theory. Two essential differences between our case
and the dilatonic one are: 1) the matter action includes the dilaton-like term e−3θ
which arises in a natural way, as a part of the volume element of space-time, and
2) the sign before the term 12SµSµ. Following the above described reasons we
call the field Θ, which originates from the space-time torsion and plays the role
of the dilaton field in Saa’s model, ”a torsion-dilaton field”.
Taking variations with respect to the metric gαβ and torsion-dilaton field Θ,
and using the generalized Gauss’ formula, we obtain the following equations of
motion for the geometrical fields g and θ:
Gµν +∇µ∇νΘ− gµν✷Θ = κc2Tµν ,
✷Θ = κ
c2
(
LM − 13
δLM
δΘ
)
− 1
2
R. (10)
Here Gµν = Rµν− 12gµν is the Einstein tensor for the affine connection, its trace is
G = gµνGµν = −R; Tµν = δLM/δgµν is the symmetric energy-momentum tensor
of the matter ; its trace is T = gµνTµν and ∇σSσ = gµν∇µ∇νΘ = ✷Θ. From the
first equation of the system (10) it follows that:
R = −3✷Θ− κ
c2
T (11)
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Then combining this result with the second equation of the system (10) we obtain:
∇σSσ = ✷Θ = − 2κc2
(
LM − 13
δLM
δΘ
+ 1
2
T
)
. (12)
The equation (12) shows that under proper boundary conditions, and in the pres-
ence only of spinless matter, the torsion-dilaton field Θ is completely determined
by the matter distribution. Further on, as a basic system we will use the system:
Gµν +∇µ∇νΘ− gµν✷Θ = κc2Tµν ,
∇σSσ = ✷Θ = − 2κc2
(
LM − 13
δLM
δΘ
+ 1
2
T
)
. (13)
From this system one can derive (using Bianchi identity) the differential conse-
quence:
∇σT σα + T σαSσ = c
2
2κ
RSα (14)
which is a generalization of the well-known conservation law
{}
∇σT σα = 0 in general
relativity.
To have a complete set of dynamical equations one has to add to the above
relations the equations of motion of the very matter. For the purpose of the
present article we need to consider only a perfect fluid. Its theory was recently
described in [20]. Here we give the basic results.
The continuity condition describing the conservation of the fluid matter can
be written in the form: ∫
∂∆(1,3)
d3Σα n(x)u
α(x) = 0, (15)
where uα(x) is the fluid four-velocity, normalized by the relation gαβu
αuβ = 1,
n(x) is properly defined a fluid density, d3Σα is a proper three dimensional surface
element depending on the choice of the volume element via the Gauss’ formula,
and ∆(1,3) is an arbitrary domain.
Considering the volume element (3) as an universal one we must use it in the
continuity condition, too. Therefore according to the generalized Gauss’ formula
we can rewrite relation (15) in the form of a continuity equation of autoparallel
type:
∇α (n(x)uα(x)) = 0. (16)
We take the lagrangian of the fluid with internal pressure p in the usual form:
Lµ = −ε = −nc2 − nΠ, (17)
where Π is the elastic potential energy of the fluid ; d¯Π = −pd( 1
n
) and the
symbol ” d¯ ” means that the corresponding differential form isn’t exact. Taking
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into account the relation Lµ− 13 δLµδΘ = p it’s not difficult to obtain the equations
of motion for geometrical fields gαβ and Θ in presence of perfect fluid:
Gµν + (∇µ∇ν − gµν✷)Θ = κc2
(
(ε+ p)uµuν − p gµν
)
,
✷Θ = − κ
c2
(ε− p); (18)
In addition one can show that:
∇σT σα = (ε+ p) (δσα − uσuα)Sσ, or
{}
∇σT σα = 3(ε+ p) uσuαSσ. (19)
Making use of (19) and of the continuity condition (16) one can obtain the equa-
tions of motion of the perfect fluid (just as in general relativity):
(ε+ p)uβ
{}
∇βuα =
(
δβα − uαuβ
) {}
∇βp. (20)
The equations (19) are equations of a geodesic type. In particular, considering
dust matter (p ≡ 0) we have:
uβ
{}
∇βuα = 0, (21)
i.e. we can conclude (just as in general relativity) that a test particle in the theory
under consideration will move on a geodesic line. We will need this conclusion in
the next sections. For more details concerning the relativistic perfect fluid in the
theory under consideration we refer to [20].
3 Spherically symmetric vacuum solution
The asymptotic flat, static and spherically symmetric general solutions of the
vacuum geometrical field equations (10) are known [21], [22]. In Schwarzschild’s
coordinates they are described as a two parameter – {K, a} family of solutions1:
g00 = e
ν ,
r = 1
2
ae
(3K−1)ν
2 sinh−1
(
ρν
2
)
,
g11 = e
λ =
(
1+δ
2
e
−ρν
2 + 1−δ
2
e
ρν
2
)−2
,
1We use asymptotic conditions ν → 0,Θ→ 0 at r →∞ without loss of generality.
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ρ =
√
3
(
K − 1
2
)2
+ 1
4
,
δ = 3K−1
ρ
ξ = 1
2
ν ′ = 1
2
a
ρ
1
r2
e
(3K−1)ν
2 e
λ
2
Sr = Θ
′ = Kξ. (22)
Here and further on the prime denotes a differentiation with respect to the vari-
able r. All quantities in formulae (22) are represented as functions of the variable
ν. This is the most convenient form of the vacuum solutions.
The parameter K presents the ratio of the torsion force (as defined in [20])
and the gravitational one: K = Sr/(
1
2
ν ′). In the case when K = 0 we have the
usual torsionless Schwarzschild’s solution and a ≡ rg is the standard gravitational
radius rg.
In the model under consideration the value of the fundamental parameter of
the theory K (which is constant in vacuum) is not an independent integration
constant. Instead, we shall show that it is determined by the total mass of the
star, or by its radius and depends on the matter distribution, on the equation of
state of the star’s matter, and so on via the solution of the full system of equation
of the star’s state.
The parameter a is positive (a > 0), and may take arbitrary values. It is
related to the total mass of the star, too.
The asymptotic behaviour of the solution is:
g00 ∼ 1−
2M
Kepler
G
c2r
, (23)
g11 ∼ 1 +
2G(M
Kepler
−Mθ)
c2r
, (24)
where M
Kepler
= 1
2
c2
G
a
ρ
describes the asymptotic dependence of g00 on the variable
r, and the mass Mθ = 3
c2
G
limr→∞ r
2Sr describes the asymptotic dependence of
the torsion-dilaton potential Θ on r (or the asymptotic of Sr). The mass Mθ may
be considered as a source of torsion-dilaton force and is analogous to the ”scalar
mass” introduced in [23]. As one can see the scalar mass Mθ depends on K.
In the model under consideration, a test particle moves along geodesic lines.
Therefore, the keplerian mass measured by a test particle in the asymptotic region
of space-time will be the mass M
Kepler
= c
2
G
limr→∞
1
2
r2ν ′eν . As we will see in the
next section, the massM
Kepler
is positively defined. The appearance of two masses
in the asymptotic solution is related to the violation of the strong equivalence
principle (the weak equivalence principle for test particles is not violated). In our
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case the ratioMθ toMKepler is just 3K and depends on the ratio K of the torsion-
dilaton force to gravitational one in vacuum. As in Brans-Dicke theory one can
define so called tensor mass MT , which is the mass measured by a test particle
in Einstein frame, i.e. a test particle moving along a geodesic in space-time with
metric g˜µν = e
−3Θgµν . It’s not difficult to see that MT and MKepler are related by
the formula:
MT =
(
1− 3
2
K
)
M
Kepler
. (25)
In the next section we show that the tensor mass MT is also positively defined.
The existence of two positively defined massesMKepler andMT makes the question
about the energy of the geometric-field complex g,Θ subtle - which of them is
the true measure of the energy of the star?
It turns out that one has to choose the tensor mass MT . The reasons for this
we will comment shortly in the next section. For detailed consideration of the
question of the star mass definition in presence of a scalar field we refer the reader
to [24].
4 The Basic equations for a star
4.1 General considerations
Here we will discuss some general properties of the system of equations of the
star without specifying the matter’s equation of state.
The system of the equation (18 ) for geometrical fields g and Θ can be rewrit-
ten in the form:
{}
G
ν
µ + 3Σ
ν
µ =
κ
c2
T νµ ,
{}
∇σSσ − 3SσSσ = − κc2 (ǫ− p),
T νµ = (ǫ+ p)u
νuµ − pgνµ, (26)
where
{}
∇ is the covariant derivative with respect to the Levi-Civita connection,
{}
Gνµ is the corresponding Einstein’s tensor and
Σνµ =
{}
∇µSν + SµSν − gνµ
{}
∇σSσ + gνµSσSσ. (27)
In this paper we restrict ourselves with consideration of the static and spher-
ically symmetric case. Hence, the metric has the form
ds2 = eν(r)(c dt)2 − eλ(r)dr2 − r2(dθ2 + sin2(θ)dϕ2) (28)
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in which the functions ν = ν(r), λ = λ(r) depend only on the Schwarzschild’s
radial coordinate r and the torsion-dilaton field Θ depends only on r, too.
In this case we obtain the following equations for the functions ν, λ,Θ, and p:
− e−λ
(
1
r2
− λ′
r
)
+ 1
r2
= κ
c2
ε− 3Σ00,
−e−λ
(
ν ′
r
+ 1
r2
)
+ 1
r2
= − κ
c2
p− 3Σ11,
− 1
2
e−λ
(
ν ′′ + 1
2
ν ′
2
+ ν
′−λ′
r
− ν ′λ′
2
)
= − κ
c2
p− 3Σ22,
e−λ
(
S ′r +
(
ν ′−λ′
2
+ 2
r
)
Sr − 3Sr2
)
= κ
c2
(ε− p),
p′ = − 1
2
(ε+ p)ν ′,
p = p(ε). (29)
Here p = p(ε) is the matter’s equation of state and correspondingly:
Σ00 =
(
S ′r − 12λ′Sr + 2rSr − Sr2
)
e−λ,
Σ11 =
(
1
2
ν ′Sr +
2
r
Sr − 2Sr2
)
e−λ,
Σ22 =
(
S ′r +
1
2
ν ′Sr − 12λ′Sr + 1rSr − Sr2
)
e−λ. (30)
The second equation of the system (29) (i.e.
{}
G11 +3Σ
1
1 =
κ
c2
T 11 ) may be consid-
ered as a constraint creating a relation between Sr, ν
′ and eλ, namely:
eλ =
1 + rν ′ − 6rSr − 32r2ν ′Sr + 6r2Sr2
1 + κ
c2
pr2
. (31)
Using this relation we can put our system (29) in a normal form:
ν ′ = 2ξ,
Θ′ = Sr,
ξ′ = − ξ
r
+
(
2κ
c2
ε− ξ
r
− κ
c2
(ε− p)rξ
)
eλ,
S ′r = − Srr +
(
κ
c2
(ε− p)− Sr
r
− κ
c2
(ε− p)rSr
)
eλ,
p′ = −(ε+ p)ξ,
p = p(ε),
eλ =
1 + 2rξ − 6rSr − 3r2ξSr + 6r2Sr2
1 + κ
c2
pr2
. (32)
It’s seen that the first two equations are separated, and the rest generate a sub-
system independent of them.
The equations (32) must be solved with proper initial and boundary condi-
tions. From a physical point of view the solutions regular at the center are the
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most interesting. The regularity means that there exists a local lorentzian system
in neighborhood of the center, i.e. eλ(0) = 1 and the pressure is finite at r = 0.
Hence, we have limr→0 rξ(r) = 0, otherwise, as it may be seen from equation for
p, the pressure will have at least logarithmic singularity at the center. On the
other hand the condition eλ(0) = 1 requires that limr→0 rSr(r) = 0, too. The
expansion of the equations for ξ and Sr around the center is:
ξ′ = −2ξ
r
,
S ′r = −
2Sr
r
. (33)
Hence, the behaviour of ξ and Sr around r = 0 is
constant
r2
. To fulfill the above
restrictions at r → 0 we must put constant = 0. Hence, we obtain ξ(0) = 0,
Sr(0) = 0. As a final result these considerations imply the following initial
conditions:
ξ(0) = 0, Sr(0) = 0, p(0) = pc, (ε(0) = εc). (34)
At the star surface r = R we have to match interior solution with the exterior
(vacuum) solution. We will consider the model of the star without surface tension,
hence p(R) = 0. Then the matter distribution must be continuous at the surface
of the star and one can show that ξ and Sr must be continuous at r = R.
Obviously ν and Θ must be continuous at the star surface, too. Using matching
conditions:
ξ(R) = ξext(R),
Sr(R) = Sr
ext(R), (35)
we can obtain the vacuum solutions parameters K and a as functions of εc, i.e.
K = K(εc), a = a(εc). (36)
For arbitrary values νc = ν(0) and Θc = Θ(0), ν and Θ will not fulfill the
matching conditions:
ν(R) = νext(R),
Θ(R) = Θext(R). (37)
Therefore, the separated equations ν ′ = 2ξ and Θ′ = Sr must be solved under
proper initial conditions in the following form:
νc = ν
ext(R)−
∫ R
0
2ξ(r) dr,
Θc = Θ
ext(R)−
∫ R
0
Θ(r) dr. (38)
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As a result we obtain all parameters K, a, νc, Θc, R as functions only of the
central density εc. Hence, the whole geometry of the space-time in vacuum and
in the star is completely determined by the matter which carries only the same
properties described by mass, matter density, pressure, equation of state and so
on which are familiar from the general relativity. A very important feature of
the model under consideration is that we are not forced to assign to the matter
new properties, charges, or something else. Nevertheless we have a new geometric
field (the torsion-dilaton field Θ) the physical problem is well defined by the usual
physical properties of the matter.
Let’s go back to the subsystem:
ξ′ = − ξ
r
+
(
2κ
c2
ε− ξ
r
− κ
c2
(ε− p)rξ
)
eλ,
S ′r = − Srr +
(
κ
c2
(ε− p)− Sr
r
− κ
c2
(ε− p)rSr
)
eλ,
p′ = −(ε+ p)ξ,
p = p(ε),
eλ =
1 + 2rξ − 6rSr − 3r2ξSr + 6r2Sr2
1 + κ
c2
pr2
. (39)
We can’t define a local gravitational mass in the form mGR(r) =
c2
2G
r(1−e−λ) ,
as in general relativity because in our case mGR(r) is in general not positively
defined (see for example the vacuum solution). In the theory under consideration
we define the local mass as mν(r) =
c2
G
r2ξ(r) . This local mass is connected with
local Keplerian mass m
Kepler
(r) (the mass measured by a non-self gravitating test
particle in a circular geodesic orbit with radius r [24]) by the relation
m
Kepler
(r) = mν(r)e
ν .
Similarly, we can define a local scalar mass mθ(r) = 3
c2
G
r2Sr(r) . We can intro-
duce also a local tensor mass mT (r) [24] as
mT (r) =
(
mν(r)− 12mΘ
)
eν(
1− GmΘ
c2r
) .
The initial conditions imply mν(0) = mKepler(0) = mθ(0) = mT (0) = 0.
Now the system (39) can be rewritten in terms of the massesmν(r) andmθ(r):
m′ν =
(
1−
(
1 + κ
c2
(ε− p)r2
)
eλ
)
mν
r
+ 16pi
c2
r2εeλ,
m′θ =
(
1−
(
1 + κ
c2
(ε− p)r2
)
eλ
)
mθ
r
+ 24pi
c2
r2(ε− p)eλ,
p′ = − G
c2
(ε+ p) mν(r)
r2
p = p(ε),
11
eλ =
1 + 2G
c2r
(mν −mθ)− G2c4r2mθ(mν − 23mθ)
1 + κ
c2
pr2
. (40)
This system is a generalization of Tolman-Oppenheimer-Volkoff’s one for a star
in general relativity [25]. Using the first and the second equation, it’s not difficult
to show that mν(r) and mθ(r) are positively defined. Indeed, taking into account
regularity at the center we obtain:
mν = e
A(r)
∫ r
0
e−A(r) 16pi
c2
εr2dr,
mθ = e
A(r)
∫ r
0
e−A(r) 24pi
c2
(ε− p)r2dr, (41)
where
A(r) =
∫ r
0
1−(1+ κ
c2
(ε−p)r2)eλ
r
dr.
In the same way from the above equations we have:
(mν −mθ)′ =
(
1−
(
1 + κ
c2
(ε− p)r2
)
eλ
)
mν−mθ
r
− 8pi
c2
r2(ε− 3p)eλ. (42)
Solving this equation with an initial condition (mν −mθ)(0) = 0 we obtain :
mν −mθ = −eA(r)
∫ r
0
e−A(r)(ε− 3p)dr. (43)
Hence, it’s seen that mν −mθ ≤ 0 inside and outside the matter if ε− 3p ≥ 0.
In other words we obtain for k(r) = 1
3
mθ(r)
mν(r)
that k ≥ 1
3
and k takes a value 1
3
when
the matter is ultrarelativistic (ε = 3p). The parameter k takes its maximum
value 1
2
in the case of nonrelativistic matter (ε ≫ p). If we assume following
Zel’dovich [29], [30] that ε < 3p may happen, then in general the vacuum value
of k which is just K = k(R) may change its sign passing through the zero at
ε = p. For realistic equations of state we obtain K ∈ [1
3
, 1
2
]. Therefore we have
MT ∈ [ 14MKepler , 12MKepler ] (see (25)).
For completeness we will give an expression which is a generalization of the
well-known Tolman’s formula [32]. From equations (26) we have
{}
R
0
0 + 3
{}
∇0 S0 = κc2
(
T 00 − 12T
)
− 3
2
✷Θ. (44)
In the static and spherically symmetric case, one may show that the following
relation is fulfilled:
{}
R
0
0 + 3
{}
∇0 S0 = 1
e−3Θ
√
|g|
∂α
(√
|g|e−3Θg0β{}Γ0βα
)
, (45)
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where
{}
Γαβ
γ =
{
γ
αβ
}
are Christoffel symbols. Hence, we obtain
∫
M
(
{}
R
0
0 + 3
{}
∇0 S0
)
e−3Θ
√
|g|d3x =
∮
Σ∞
g0β
{}
Γ0β
αe−3Θ
√
|g|dΣα = 4π MKeplerGc2 .(46)
Therefore for Keplerian mass we can write down
M
Kepler
= c
2
4piG
∫
M
(
{}
R
0
0 + 3
{}
∇0 S0
)
e−3Θ
√
|g|d3x =
1
c2
∫
M
(2T 00 − T )e−3Θ
√
|g|d3x− c2
4piG
3
2
∫
M
✷Θe−3Θ
√
|g|d3x. (47)
Taking into account that
∫
M
✷Θe−3Θ
√
|g|d3x = − 4pi
3
MθG
c2
and 2T 00 − T = ε+ 3p we obtain:
M
Kepler
= 1
c2
∫
M
(ε+ 3p)e−3Θ
√
|g|d3x+ 1
2
Mθ. (48)
On the other hand, taking into account that
Mθ = 3KMKepler =
6
c2
∫
M
(ε − p)e−3Θ
√
|g|d3x
one can rewrite the above formula in the form
M
Kepler
= 1
1− 3
2
K
1
c2
∫
M
(ε+ 3p)e−3Θ
√
|g|d3x
= 4
c2
∫
M
εe−3Θ
√
|g|d3x = 16pi
c2
∫ R
0
εe
(λ+ν)
2
−3Θr2dr. (49)
Comparing this formula with (25) we immediately obtain the following expression
for the tensor mass
MT =
1
c2
∫
M
(ε+ 3p)e−3Θ
√
|g|d3x = 4π
c2
∫ R
0
(ε+ 3p)e
(λ+ν)
2
−3Θr2dr. (50)
From the explicit expressions for the masses we have
0 ≤MT ≤MKepler ≤MΘ (51)
when matter satisfies the condition ε− 3p ≥ 0.
The number of the particles in the theory under consideration is given by
N = 4π
∫ R
0
n(r)e
λ
2
−3Θr2dr (52)
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where n(r) is the particle density. We note that we consider cold matter and we
have ε = ε(n) , p = p(n). Therefore for the rest mass MR we have
MR = mNN = 4πmN
∫ R
0
n(r)e
λ
2
−3Θr2dr (53)
where mN is the nucleon mass.
The binding energy of the star EB depends on the choice of the star mass.
As it is shown in [24] the right choice must satisfies the following physically
reasonable conditions in the spherically symmetric case:
1) to be non-negative;
2) to be identically zero in Minkowski space-time;
3) to be non-decreasing function of r;
4) the maximum of the mass to coincide with the maximum of the rest mass(
the number of the particles).
As it is seen from numerical calculations both Keplerian and tensor mass
satisfy the first three conditions but only the tensor mass satisfies the fourth.
Therefore binding energy must be calculated with respect to the tensor mass:
EB =MT −MR. (54)
4.2 Neutron star model
First we consider non-interacting neutron gas at zero temperature [28], [33]. The
energy density, the pressure and the particle number density in a proper normal-
ization are given by:
ε =
m4Nc
5
3π2h3
g(µ),
p =
m4Nc
5
3π2h3
f(µ),
n =
m3Nc
3
3π2h3
µ
3
2 (55)
where
g(µ) = 1
8
(
8µ
√
µ+ µ2 −
√
µ+ µ2(2µ− 3)− 3ln(√µ+
√
1 + µ)
)
,
f(µ) = 1
8
(√
µ+ µ2(2µ− 3) + 3ln(√µ+
√
1 + µ)
)
, (56)
µ = ( qFermi
mN c
)2, qFermi being the Fermi’s momentum, mN being the neutron mass.
We are interested in the difference between the predictions of the theory under
consideration and of the general relativity. For this purpose the equation of state
for a non-interacting neutron gas is sufficient.
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As a more realistic equation of state we consider the analytical approximation
(according to Zel’dovich and Novikov [30]) of Tsuruta-Cameron’s equation of
state [31]. In this case the interaction between the nucleons is taken into account
in a simple approximation and the pressure is given by:
p = ε+
ρ0c
2
2
− ρ0c
2
2
(
1 +
4ε
ρ0c2
)1/2
(57)
where ρ0 = 5 ∗ 1015g/cm3 as the relation between the particle number density
and the energy density is
ε = mNc
2
(
n+mN
n2
ρ0
)
(58)
It turns out that these two examples present typical results which qualitatively
agree with the results for the other equations of state of star’s matter.
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5 Numerical results and discussions
We have solved the system of equations (32) coupled with the state equations
(56) and (57) numerically using the method due to Runge-Kutta-Merson with
automatic error control. The results are shown in the corresponding figures.
Hereafter all masses are measured in units M⊙.
keplerian
mass
rest mass
tensor mass0.2
0.4
0.6
0.8
1.0
M
12 14 16 18 20 22
log(epsilon)
0.26
0.28
0.30
0.32
0.34
MT
0.28 0.32 0.36 0.40
MR
Figure 1: a) M − log(εc) dependence. b) MT −MR dependence.
First we concentrate our attention on the case of non-interacting neutron gas.
In Fig. 1a) the dependence of the three massesMT ,MK ,MR on the central density
εc is shown. The appearance of a cusp in Fig. 1b) , where the dependence of the
tensor mass MT on the rest mass MR is presented, shows that their maxima lie
at the same point. Although, the maxima of the rest mass MR and Keplerian
mass MK are too close in Fig. 1a) they don’t lie at the same point, as it may be
seen from Fig. 2a) which shows the dependence of MK on MR. We see also that
Keplerian mass is considerably greater than the tensor one – about three times.
In Fig. 3a) the MT −R dependence is represented. It’s seen that the MT −R
curve in our case is fairly similar to the one of general relativity, but there are
significant differences, too. The maximum massMTmax in our case is ≈ 0.35M⊙,
while in general relativity the Oppenheimer-Volkoff’s mass is MOV = 0.7M⊙.
The radius corresponding to the mass M⊙ is R = 4.2km, while in the case of
general relativity R = 9.6km. If we look at Fig. 2b) where the dependence ofMT
on the central density εc is shown, we note thatMTmax lies at εc ≈ 4.5∗1016g/cm3,
while MOV lies at εc ≈ 5 ∗ 1015g/cm3 in general relativity. The average density
in our case is about 4 times greater than the one in general relativity. Hence, in
the model under consideration the neutron star is more compact and has a mass
about 1/2 - times smaller than MOV . In Fig. 3b) the dependence of Keplerian
mass on the star radius is presented. It’s seen that the Keplerian mass is about
16
1.5 times greater than MOV .
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general
relativity
Saa’s model
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
MT
13 14 15 16 17 18 19 20 21
log(epsilon)
Figure 2: a) MKepler −MR dependence. b) MT − log(εc) dependence.
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gen. relativity
0.2
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0.6
0.8
1.0
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5 10 15 20 25 30 35
R,km
Figure 3: a) MT − R dependence. b) MKepler −R dependence.
In the Fig. 4a) the dependence k(r) is shown inside the star (for central density
7.5∗1015g/cm3). In accordance to the general considerations k increases from the
center of the star to the surface, where k takes a value K = k(R) ≈ 0.45− 0.46,
which is close to 0.5. The dependence K(εc) of K on the star central density εc
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Figure 4: a) k − r dependence. b) K − log(εc) dependence.
is shown in Fig. 4b). It’s seen that K decreases when density increases, which is
similar to the previous case. So, the ratio of the torsion force to the gravitational
one takes its minimum value at the center of the star and is the greatest at the
surface.
0.42
0.44
0.46
0.48
0.50
K
0.05 0.15 0.25 0.35
MT
0.42
0.44
0.46
0.48
0.50
K
3 4 5 6 7 8 9 10
R,km
Figure 5: a) K −MT dependence. b) K − R dependence.
As it may be seen from Fig. 5a) expressing the dependence K(MT ), the
torsion-urged effects are relatively strongest in the case of small masses – with
increasing of the star mass (up to the point where the star loses its stability) K
decreases. It’s seen from Fig. 5b), where the dependence of K on the star radius
R is shown, that in the area of stability K decreases when R decreases too – the
more compact stars are, the smaller K they have.
Fig. 6a) presents the dependencies θ(r) and ν(r) inside the star. One may
see that 1
2
ν−3Θ < 0 everywhere. The dependencies mT (r),mKepler(r) and mθ(r)
are shown in Fig. 6b) for central density 7.5 ∗ 1015. As it has already mentioned
all masses increase with r.
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Figure 6: a) Θ, ν − r dependence. b)mT , mKepler, mθ − r dependence.
The following figures illustrate the case of Tsuruta-Cameron equation of state
(TCES).
keplerian
mass
rest mass
tensor mass
0
1
2
3
4
M
14 15 16 17 18
log(epsilon)
0.4
0.8
1.2
1.6
2.0
MT
0.5 1 1.5 2 2.5 3
MR
Figure 7: TCES. a) M − log(εc) dependence . b) MT −MR dependence.
We see from the figures that the maximum tensor mass in this case is about
2M⊙ and the corresponding radius is about 7.5km - the same quantities in
general relativity are correspondingly ≈ 1.6M⊙ and ≈ 11.5km. Hence, the
interaction between the nucleons leads to an increase in the maximum mass, as
in general relativity.
Note the differences between the Fig. 5b) and Fig. 6b) (for the case of non-
interacting neutron gas), and the corresponding Fig. 11b) and Fig. 12b) (for
the case of Tsuruta-Cameron equation of state). There one can see the strong
dependence of some results in the Saa’s model of gravity with propagating torsion
on the equation of state of star’s matter.
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Figure 8: TCES. a)MKepler −MR dependence. b) MT − log(εc) dependence.
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Figure 9: TCES. a) MT − R dependence. b) MKepler −R dependence.
We have also examined the Harrison-Wheeler’s equation of state [25]. As in
general relativity the numerical results are very close to these for the noninter-
acting neutron gas. For example the maximum tensor and Keplerian mass is
correspondingly ≈ 0.35M⊙ and ≈ 1M⊙, and the corresponding radius is 3.8km.
Other equations of state (of politropic type) have been examined, too. The
corresponding maximum tensor mass of a neutron star reaches a value about
2.5− 2.6M⊙, while the corresponding Keplerian mass is about 6− 6.5M⊙.
As it is seen from numerical calculations the tensor mass and Keplerian mass
differ very significantly from each other. This behaviour of the masses is qualita-
tively the same as in the case of a boson star in Brans-Dicke theory with ω = −1
[24]. Saa’s model corresponds to the value of the Brans-Dicke parameter ω = −4
3
which is close to −1. That’s why the observed qualitative agreement is natural.
Hence, including a scalar field with an approximately the same ω in physically
different kinds of stars we find similar departures of the corresponding predictions
of general relativity.
This conclusion holds also in the case of large ω. For example, in [5] and [7]
Brans-Dicke boson star has been considered with ω = 400. There the results are
quite similar to corresponding ones in general relativity which is just the limit
ω →∞. The star is a bit lighter but has a higher density in future.
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Figure 10: TCES. a) k − r dependence. b) K − log(εc) dependence.
0.34
0.38
0.42
0.46
0.50
K
0 0.5 1 1.5 2
MT
0.32
0.36
0.40
0.44
0.48
K
6 6.5 7 7.5 8 8.5 9
R,km
Figure 11: TCES. a) K −MT dependence. b) K − R dependence.
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Figure 12: TCES. a) Θ, ν − r dependence. b) mT , mKepler, mθ − r depen-
dence.
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6 Stability analysis via catastrophe theory
Methods of catastrophe theory have recently been applied for investigation the
stability of self-gravitating systems as neutron and boson stars in [26] and [27]
(in the case of boson stars see also [6] and [7]).
Here we discuss briefly the important question of the stability of a neutron
star in our case using tools of catastrophe theory.
The basis for the stability analysis are figures Fig.1b and Fig.7b. The con-
served quantities which we use to calculate the binding energy are the tensor
mass and the rest mass (particle number). Drawing them against each other we
obtain so-called bifurcation diagram. Actually, Fig.1b and Fig.7b are bifurcation
diagrams. When the central density increases one meets a cusp. The appearance
of a cusp itself isn’t enough to conclude that the stability of the neutron star
changes. However, if it’s known that the star is stable along the first brunch
then it will become unstable along the second brunch. In general relativity the
stability of the neutron stars for small central densities is proved by using linear
perturbation analysis. As it’s seen from the figures, the behaviour of the basic
conserved quantities in our case is qualitatively the same as in general relativity.
That’s why it’s natural to assume that for small central densities, i.e. along the
first brunch the star in our case is stable against small radial perturbations. Be-
sides of that the first brunch is composed completely of negative binding energy
states which shows that it is potentially stable.
Making use of the above considerations we can conclude that the neutron stars
with central densities from small values to the cusp are stable. Beyond the cusp
one radial perturbation mode develops instability and the star becomes unstable.
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7 Saa’s model, Roll-Krotkov-Dicke, Braginsky-
Panov and Eo¨tvosh experiments
Despite the obvious beauty of Saa’s model we shall show that it contradicts to the
experiments by Roll-Krotkov-Dicke, Braginsky-Panov and Eo¨tvosh. To do this we
need the equation of motion of an isolated test body corresponding to the model
under consideration. In our case the local conservation law for energy-momentum
tensor can be written in the form (see (14) and (11))
{}
∇σ(e−3ΘT σα ) = 3e−3Θ
(
LM − 13
δLM
δΘ
)
Sα. (59)
Defining the four-momentum and the mass-center of a small test body as
P α =
∫
T α0
√
|g|e−3Θd3x,
Xβ =
∫
xβT 00
√
|g|e−3Θd3x
P 0
and following the same procedure as in general relativity [34], [35] we obtain the
equation of motion of such body in our case:
P 0
d2Xβ
dx02
+
{}
Γµν
β(X)Eµν =
(
{}
Γµν
0(X)Eµν
)
dXβ
dx0
+ Sβ(X)Λ− S0(X)ΛdX
β
dx0
(60)
where
Eµν =
∫
T µν
√
|g|e−3Θd3x
and
Λ = 3
∫ (
LM − 13
δLM
δΘ
)√
|g|e−3Θd3x.
We consider a static spherically-symmetric case and therefore we put S0 = 0.
Fixing a local inertial frame in which the test body is at rest at the moment
considered and the Christoffel symbols vanish at the location of body we have
M
d2Xβ
dt2
= Sβ(X)Λ (61)
where M is the inertial mass of the small test body.
Therefore in the model under consideration test bodies with different Λ would
accelerate differently in the solar field (or in the earth’s field). In good approxi-
mation we can consider the test body as built by electromagnetically interacting
particles in gravitational and torsion field, i.e. the Lagrangian density for the test
body is taken in the form
LM = LemM + LpfM (62)
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where
LemM = −
1
16π
F µνFµν ,
LpfM = −AµJµ −
∑
i
mi√
|g|e−3Θ
dsi
dt
δ(~x− ~xi(t)),
and
Jµ =
∑
i
qiδ(~x− ~xi(t))√
|g|e−3Θ
dxµ
dt
(for Lagrangian density for particles in Saa’s model see [20]). It can be shown
that
LpfM − 13
δLpfM
δΘ
= 0. (63)
Consequently we obtain
Λ = 3
∫ (
LM − 13
δLM
δΘ
)√
|g|e−3Θd3x = 3
∫ (
LemM − 13
δLemM
δΘ
)√
|g|e−3Θd3x =
− 3
∫
1
8π
(
~E2 − ~H2
)√
|g|e−3Θd3x = −3 (Ee − Em) . (64)
Here Ee and Em are correspondingly the electric and the magnetic energy containt
of the test body. Therefore from (61) we have
d2Xβ
dt2
= −3Sβ(X)Ee − Em
M
. (65)
For aluminum and platinum the magnetic energy is small compared to the electric
one. The ratio Ee
M
for aluminum and platinum is [35]
( Ee
M
)
Al
= 1.7 ∗ 10−3, (66)
( Ee
M
)
Pt
= 4.5 ∗ 10−3. (67)
On Earth we have(
d2Xi
dt2
)
Al
−
(
d2Xi
dt2
)
Pt
= −3
(( Ee
M
)
Al
−
( Ee
M
)
Pt
)
Si = 8.4 ∗ 10−3Si, (68)
i runs from 1 to 3.
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Out of the source the gravitational potential and the torsion vector are related
by Si = KU, i (see (22)) and therefore(
d2Xi
dt2
)
Al
−
(
d2Xi
dt2
)
Pt
= 8.4 ∗ 10−3KU,i. (69)
According to the experiments of Roll-Krotkov-Dicke [36] and Braginsky-Panov
[37] the acceleration of aluminum and platinum don’t differ by 1 part of 1011 or
1012 of U,i respectively in the solar gravitational field. Taking into account that
1
3
≤ K ≤ 1
2
we conclude that Saa’s model contradicts to these experiments.
It’s not difficult to see that Saa’s model contradicts to the experimental data in
Eo¨tvos experiment, too. Indeed, according to Eo¨tvos experiment the acceleration
of the bodies of different materials in Earth’s gravitation field don’t differ by 1
part of 1011 of g [42] (or 1012 according to [43]) . Using again relation (69) and
inequality 1
3
≤ K ≤ 1
2
we see that Saa’s model contradicts to Eo¨tvos experiment.
8 Summary
In this article we have examined the basic spherically symmetric stationary state
of stars in the Saa’s model of gravity with propagating torsion.
In the model under investigation there is no need to consider unknown charges
creating the torsion-dilaton field. Its source is the very spinless matter. The whole
geometry of the space-time (including metric and torsion) is determined by the
familiar properties of this matter.
The parameters of the vacuum solution are determined only by the spinless
matter without adopting an existence of new properties, too. In contrast to the
corresponding models in the general relativity here we have two parametersK and
a of the vacuum solutions. The values of these parameters depend on the mass
distribution in the star which is related with the equation of state of the star’s
matter. For a fixed equation of state both parameters become functions only of
the star mass, but these functions are not the same for the different equations of
state. The first parameter K being the ratio of the magnitude of torsion-dilaton
force and of the magnitude of gravitational force for realistic equations of matter
state takes values in the interval [1
3
, 1
2
], depending on the star’s mass. The second
one – a is analogous to the gravitational radius in general relativity and takes
positive values depending on the value of the parameter K and on the value of
the star’s mass.
To be specific in the present article we restrict our attention to the model of
neutron stars where the effects of nonlinearity are essential as in general relativity.
Numerical results and analytical considerations show that the space-time torsion
may have a significant role in their structure. The new torsion force decrease in
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some extent the role of the gravity in the star configuration and may lead to an
increasing or decreasing of the maximum neutron star mass depending on the
equation of state.
The complete investigation of the consistence of the whole Saa’s model of
gravity with propagating torsion (including all type of physical fields) with the
reality is still an open problem. The results of the present article may have not
only independent value, but are necessary for reaching the solution of this critical
problem. For example, after the first version of the present article was send
for publication a new results based on it which show the inconsistency of Saa’s
model with solar system gravitational experiments were found and published
independently [38].
Saa’s model is a simple model based on pure geometrical reasons which allows
to overcome a basic difficulties of the old models of gravity with torsion: the in-
consistency of the application of the minimal coupling principle in action principle
and directly in the equations of motion [15]. Moreover, it leads to propagating
torsion which is another important physical property of this model. Unfortu-
nately, it is not compatible with basic physical experiments. This means that one
has to modify this model preserving its important new physical properties in a
proper way to comply with real physics. A new investigations in this direction
are in progress (see for example [39], [40]).
Nevertheless the model under consideration contradicts to basic experiments
its detailed investigation is quite instructive because Saa’s model is a special
case of scalar-tensor theory of gravity with a nonminimal coupling of the scalar
torsion-dilaton field with matter. A similar, but more general coupling of string-
dilaton can be expected in the string theory and it leads different physical effects.
For example, in the article by Damour and Polyakov [41] as a consequences of
nonminimal coupling between matter and dilaton was derived a violation of the
equivalence principle, as far as some string-dilaton effects in the early universe
[41]. Unfortunately, the present days string theory is not able to predict definitely
the form of the coupling between string-dilaton and the real matter. In contrast,
Saa’s model is the only one we know with complete determined interaction of
the (torsion) dilaton with all kinds of matter. This interaction is similar to the
one expected in other models. In the present article it is shown at first that the
nonminimal coupling of the dilaton field with the matter will emerge in extreme
conditions in a neutron star and that it leads to clear new physical phenomena
of different kind, some details of which may depend on the equation of matter
state. Most probably similar effects will appear in other possible modifications
of the theory of torsion-dilaton, as far as in the other types of theories of dilaton.
For example the neutron stars may give us a way to a real physics in string
theories if the string-dilaton interactions with real matter will be established.
Hence, the most important conclusion of present article is that looking for physical
manifestation of the dilaton one has to investigate in details its influence on the
neutron star structure.
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